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taining fermions. We show that the effective action is manifestly invariant under the 
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supersymmetric completion of the couplings to the longitudinal 5-branes proposed by 
Taylor and Van Raamsdonk subset. 
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1 Introduction 



The fact that multiple D-branes are described by the matrix valued coordinates led to 
many surprising effects. Especially, Dp-branes are allowed to couple to Ramond-Ramond 
forms of higher degree than p + 1 [0, 01 • Due to those couplings, non-commutative config- 
urations are stabilized in the presence of certain background fields, which are interpreted 
as the D-branes having finite extent 0| . To study such intrinsically stringy effects, precise 
understanding of the effective action of multiple D-branes in background fields is needed. 

It is well known that a single D-brane in the low acceleration limit is described by the 
Born-Infeld action which includes all the a' corrections. However, it is not clear how to 
generalize it to the case of multiple D-branes which have non-abelian gauge symmetries. 
In the flat background, the effective action of coincident D-branes is given by the 
maximally supersymmetric U(A^) Yang-Mills theory in the small a' limit, but the terms 
of higher orders in a' are not well-understood. 

Supersymmetrization of multiple D-brane action including these higher order terms is 
also a hard problem. In the abelian case, there exists K-symmetric formulation Q which 
gives a supersymmetric action after gauge fixing the world-volume diffeomorphism and 
the K-symmetry [Q, but an attempt to define K-symmetry with non-abelian parameter |^ 
does not seem successful 0. Studies for obtaining a' corrections to the SYM at the 
first few orders including the fermionic part is being done from various standpoints (see 
the references cited below for current status): i) from the calculation of open string disk 
amplitudes P; ii) by constructing the invariants with respect to the a'-corrected SUSY 
transformation iii) by requiring the existence of certain BPS states which are present 
in string theory [Q. 

When we consider multiple D-branes in non-trivial backgrounds, determining the ac- 
tion is further difficult. Background fields should be regarded as a function of matrix fields 
somehow, but the principles for doing so is not clear. As for the supersymmetrization, 
there is practically no knowledge up to now. 

Effective action of Matrix theory [|iy] gives insight for the multiple D-brane action. 
Taylor and Van Raamsdonk studied the effective action of BESS Matrix theory in detail 
and found the terms which can be interpreted as the supergravity interactions. Erom 
those terms, they read off the coupling of D-branes to weak background fields, and fur- 
ther proposed a form of the couplings to general weak background fields |]lT], [|, |12|, |l^ . 
Those couplings were applied to various contexts, including the gauge-theory calculation 
of the absorption cross section of dilaton higher partial waves by D3-branes, which exactly 
reproduces the semiclassical supergravity results |1T4| . 



The subject of our paper is Matrix theory proposed by Berkooz and Douglas which 
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is the matrix model for M-theory in the presence of longitudinal(L) 5-branes. Berkooz- 
Douglas(BD) Matrix theory is defined by the 0-4 string and 0-0 string sectors of the SYM 
describing D0-D4 system. In a previous paper [0, we performed one-loop integration 
of 0-4 fields and obtained the bosonic part of the non-abelian action of DO-branes. We 
found that the action consists of the terms given from the general proposal of Taylor and 
Van Raamsdonk by substituting the L5-brane backgrounds, plus the corrections involving 
extra commutators. Since L5-branes are degrees of freedom which are not present in BFSS 
Matrix theory, the fact that the proposed couplings were exactly reproduced is regarded 
as a non-trivial evidence for the consistency of the BFSS and BD matrix models. 



In this paper, extending the analysis of ref.[0, we calculate the one- loop effective 
action of BD Matrix theory and obtain non-abelian effective action of DO-branes includ- 
ing the part containing fermionic fields. Especially, we reveal the consequence of the 
supersymmetry of the classical action. We point out that the one-loop effective action 
is manifestly invariant under effective SUSY transformation. The transformation law is 
given simply by the one-loop expectation value of the classical SUSY transformation law. 
By examining the transformation rules, we decompose the terms into the blocks which 
close within themselves under the transformation. Among these blocks, we identify the su- 
persymmetric completion of the bosonic terms given by the Taylor and Van Raamsdonk's 
proposal applied to the longitudinal 5-brane background. 

This paper is organized as follows. In section 2, we review the action and SUSY 
transformation of BD Matrix theory. In section 3, after explaining the method of the 
loop calculation, we present the results for the fermionic terms of the effective action. 
In section 4, we discuss the SUSY of the effective action. We conclude with remarks on 
the directions for future studies in section 5. We summarize the representation of spinors 
and gamma matrices adopted in this paper in Appendix A, and derive the invariance of 
one-loop effective action under the loop-corrected SUSY transformation in Appendix B. 



2 Berkooz-Douglas Matrix theory 

The action of Berkooz-Douglas Matrix theory is given by the 0-0 and 0-4 string sectors 
of the SYM which describe the D0-D4 bound state. In the case of DO-branes and A^4 
D4-branes, the theory has U(A^) gauge symmetry and U(A4) global symmetry (which is 
not gauged, for the gauge fields on D4-branes are discarded). The action is based on the 
D=6 A/'=l SYM and reads as follows. 

S = So + S, (2.1) 
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So = ■^JdtTT[^DoX,DoX, + ^[X„Xj]^-i0lDoe_-t0iDoe+ 

+\oi^'r[e-,x,] + ^9i^^r[o+,x,] + ^9i^y_,^,] - l-ei^y^,^,] 
+^e^c[e.,<j>^] + jeic*[el,^,]) (2.2) 

^5 = ^Jdt{{DoViYDoVj-^vjiXafvj-tx^DoX-\xh'rXaX 

-^Wli[<PlAl] + [02,02])^^! + [02,02])f2 - 24([0i,02])t^l 

+ {vlv2){vlv2) - 2{vlv2){vlvi) + ^vlv^) {vlv2)}) (2.3) 



2A 

where we use the indices a, 6 = 5, . . . , 9 for the space transverse to the D4-branes, m,n = 
1, . . . , 4 for the space along the D4-branes, and i,j = 1, . . . , 9 to denote both of them. 
Dimensionful parameter A is defined by A = 27r£^. 

The part Sq is the terms containing only the 0-0 sector fields {Xa, 4>i, 02, 
which is nothing but the BFSS action, i.e. the dimensional reduction of D=10, A/" = 1 
SYM. The 0-0 sector fields are in the adjoint rep. of U(A^) and are singlets of U(A^4). 
Covariant derivatives for those fields are defined as D^Xi = doXi + i[y4, Xj]. Note that 
we have defined the complex combination of X^ by (0i, 02) = {Xi + 1X2, X3 + 1X4), and 
that the fermions are expressed as 6D Weyl spinors, which have 4 complex components. 
As in the previous paper |jl6[, we do not use the SU(2) Majorana convention, for we 
prefer unconstrained fermions for the loop calculations. The subscripts on the spinors 
6*+, 6*. denote the positive and negative 6D chiralities, respectively (76*^ = ±9±, where 
^ = 7°7^...7^). The matrix C is the charge conjugation matrix. We also use the 
'complex conjugation matrix' B. See Appendix A for our conventions for spinors and 
gamma matrices, the relation between lOD and 6D notations, and the definitions of C 
and B. We note the reader that in this paper, the transpose of the spinor indices is 
not indicated explicitly. For example, ^^+C[^^_,0i] in eq. (|2.2| ) means 6^_^C[9^,(f)i] where t 
denotes the transpose of spinor indices (but not of gauge indices). 

The additional part 5*5 contains the 0-4 sector fields (f/, x)- These fields are given 
by the hypermultiplets of the 6D theory which consist of 2 complex bosons f/ (/ = 1, 2) 
and a complex spinor x with positive 6D chirality (7% = +x)- Both of them are in 
the bi-fundamental rep. of U(A^) xU(A^4). Covariant derivatives are defined as DqVj = 
doVi + iAvj. We remark here that only half of the 0-0 sector fermions (6'_) couple to the 
0-4 sector fields. 

This model has half the amount of supersymmetry as the BFSS model. The SUSY 
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parameter 77 is a complex 6D spinor with negative chirality, thus the number of (real) 
supercharges is 8. The SUSY transformation law is given as follows. The 0-0 sector fields 
transform as 

A 

56- = + 5'e- (2.4) 

where 



= DoX"7V^ + ^[Xa. X,]^^\ - ^([01, 4>i] + [02, 02])r/ + ^[01, HB*v\ (2.5) 

S'e. = U-Vivl + V2vl)rj - '^{v2vl)B*rjl (2.6) 
A A 

We have denoted 5^'^^ the part of the transformation laws which does not contain 0-4 
sector fields in the RHS. It is the same as the transformation law for the BFSS theory, 
except for the fact that the parameter is restricted to 777 = —rj now. Only 69- has extra 
contribution 6'6_ containing 0-4 sector fields. The transformation law for the 0-4 sector 
fields is as follows 

5vi = iV2r]^^°x, = -iV2r]Cx, 

Sx = -V2{DoV2j'B*rj^ + DoV.j'rj) - ^X,j%V2B*rj^ + v^rj). (2.7) 

3 One-loop effective action 

3.1 Method of the perturbative calculation 

We obtain the effective action as the one- loop determinant (Berezinian) of the fluctuations. 
It is obtained from the part of the action quadratic in the fluctuations 

= {V^ + X^i^mixi^bos)^bos(^^ + i^bol^lixX) + X^(^fermi - X„,ixi^bos^lix)X 

as 

= In DetiTbos - In Deti^fermi - In Det(l - Kf^^„,,K,^i^K^,\Kl,,). (3.1) 

We perform the calculations in the Euclidean formulation (r = it, S^^^^ —>■ S^^'^ = iS^^^^) 
and rotate the result to Minkowski. Note that indices and the integration symbols are 
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implicit in the above equations and eq. (p.2|) below. The first two terms of ( |3.1| ) are the 
ones obtained in the previous paper [|l^. We calculate 

Tmix = Tr ln(l — i^'f^^.j^ji^^mix-^bos-^mix) 

OO -| 

= TrJ2^iKosKl^KfJ^M' (3.2) 

£=1 ^ 

in this paper. 

The calculation is performed using a perturbative expansion. We first separate the 
backgrounds for bosonic matrices as 

(Xq, Xm, Xa) = {Xq, Xm, "Tq + Xq) (3-3) 

where are constants proportional to the identity matrix. {Xq is the Euclidean contin- 
uation of A which is defined by Xq = —i\A.) We divide the action S''-^^'^'^^ into the 'free' 
part, which does not contain X or fermion background G, and the interaction vertices. 
The free part is given by 



(3.4) 



where 7" = 7 7". The propagators are determined from (|3.4|) as 



(^i,AAir)v[^Bi^')) = {gsQ5^'5^^5^^ j = {gds)5''5^^5^^/\{r - r'). (3.5) 

= igsQ5^''5^^ (dr + A(r - r') (3.6) 

where A^B are the U(A^) indices, A^B are the U(A^4) indices and a, /?, . . . (= 1, . . . , 8) are 
the 6D spinor indices. We have also defined r' = r/\ and /'= 7"ra/A. 
Boson-boson vertices are 



(int) 



^bos 



l.jiry,Vu(r)v, (3.7) 



where 



V^n = (2r,X, + Xl + - i\d,X^ - 2i\X^dr) + ^([0i, 0i] + [02, ^2]) 
V22 = (2r,X„ + Xl + Xl - aS.Xo - 2aXo9,) - ^([01, 0i] + [02, ^2]) 

^2= [01,02], ^21 = -[01,02]. (3.^ 
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Fermion-fermion vertices are 



5, 



(int) 
fermi 



Boson-fermion mixed vertices are 



where 



(3.9) 



(3.10) 



(3.11) 



The quadratic part of the action is given by 5''^'^"^'^^ = 5'^^''°'^^ + S^'^^ + + , and 
the effective action is derived from the general expression (|3.2|). Note that Kbos (or -ft'femii) 
is read from ( p^) and ( p.7|) (or from (|3.4|) and ( p.9|) ). Also, Kmix is read from ( |3.1CI| ). 

We treat the vertices as an expansion around a reference time r and obtain the effective 
action as a double expansion in the number of vertices and the number of derivatives, 
following the procedure described in ref.|T^. Explicit form of the two-fermion (two L) 
terms of the effective action is given asFI 



Tq2 



oo oo /n+m+2 -r 

E E n 



m,n=ODi=Q \ i=2 
X 



A! 



ym+2n+2 



J^rp /t^ T/{-D2) T/{-Dn) T ]{D„ + m+l) {D„ + l) X> ) r {-Dm+n + 2 



X 



dk 
2^ 



_|_ J,. 



12 



12 



■ ■ ■ (idk 



f+ik ^ 



U2 + r'- 



(^5fe) 



^2 _|_ J., 



I ^/2}}}} 



(3.12) 



a/3 



For D,; = 0, this reduces to 

oo 



1 



02 



X 



m,n=0 

dk 
2^ 



^m+2n+2 



ifc ^^^^ f+ik 



/2 



^2 _|_ ^/2 



a/3 



^2 _|_ 



/2 



(3.13) 



In the above equations, we have assumed Xq = 0. The dependence of the effective action 
on Xq can be recovered by replacing with the covariant derivative dr + i[XQ, ], or 
can be directly calculated with a slight modification of the above prescription due to the 
presence of the derivative interaction vjXodrVj. 

"''See ref. [[l6| for the terms which do not contain fermions and for more details on the derivation. 



6 



3.2 Fermionic terms of the one-loop effective action 

Following the method explained above, we calculate the part of the effective action con- 
taining fermionic backgrounds. We describe the 6^ terms in detail in section 3.2.1, and 
briefly discuss the terms with more ^'s in section 3.2.2. The results are presented in Eu- 
chdean signature. The rule for obtaining the Minkowskian effective action from F given 
below is to replace / dr with / dt, and with —iDo. 

Interaction starts at 1/r^ order. Note that only 9_ (but not 9+) appear non-trivially 
in the effective action, for only ^_ couple to the quantum flelds v or % as we have seen in 
section 2. 

3.2.1 61^ terms 

We summarize the result of 9"^ terms of the effective action rg2{X^ , d) up to N + d < 4, 
where N and d are the numbers of Xj's and derivatives contained in F, respectively. We 
present the result by assembling the terms with the same property. 

There are two sets of terms which can be regarded as having similar structures as the 
9- part of the classical action: 

1 



ro2{d^O)A = -^^ldrTr{9lr[Xa,0-]-[X,,9l]re-) 

■ J dr STr {9lr[Xa, - [Xa, el]rO- ; X, 



+ 



4 

3N4 1 

15A^4 TbT, 



J dr STr {9lr[Xa. 0-] - 9l]r9- ; {X,f) 
^ j dTSTY{9lT[Xa.e-]-[Xa,9l]r9-; X,,X,), 



3.14) 
3.15) 
3.16) 
3.17) 

3.18) 
3.19) 
3.20) 
3.21) 

Here STr(iri • • • yi, ^2, • " " ? Z/n) means that the trace operation is taken after sym- 
metrizing all K^s and y^'s but keeping the location of Ki and the order of -fCj's. Note 
that each Ki is Xa, Xjn, 9-, or commutators (or covariant derivatives) of them. For 
example, 

STr {9lD^9_ ; X^, X^) = ^Tr {9lDr9-XbXc + 91x^X^0^9. + 9lXbDr9-Xc 



8 

Fe2(d = l)^ = ^\ [drTj:{9lDr9^-D^9i9^) 

ldrSTT{9lD,9_-D,9l9. ; X,) 



4 

_3iV4A 1 
8~r5 

^ 157V4A nr, 



JdTSTr{9lD^9_-Dr9l9_] {Xb^) 
^ J drSTr {9lDr9--Dr9l9- ; Xb,X^ 
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+9LDr9-X^Xf, + 9LX^Xf,D^9_ + 91X^0^9 ^X^). 

The terms in TQ2[d = Q)A and T02[d=l)A are given by the non-abehan Taylor expansion 
of the leading terms ( p.l4| ) and ( p.l8| ) 

^ -T ^TaXa + - + X^Xfe H , 

rpO lyO lyO ^ \ ij-^O rp I I 

and following the symmetrized trace prescription ||1], except for the fact that ( |3.16| ) 
and ( p.20|) are of the form STr( * ; (X;,)^) rather than STr( * ■,Xb,Xb). Further discus- 
sion on the ordering of matrices will be given in the next section when we consider the 
supersymmetry of the effective action. 

Terms with multiple number of gamma matrices are given as follows: 



_15A^r^ /rfrSTr(^^L7-^'^n^a„X,,]^^. + ^^l7-^"^^_[X,,,X,,] ; X,), 
lb r' J 



3NiX 1 
16 



15X4 A r^rc 
8 ^ 



T02{d=l)B = -^^JdTTT{9lr'DrXJ_ + 9lr'0-DM 

J drTi {9lT^XbDrXa9^ + 9lY^D^XaXb9^ 

+9lT'd-X,DrXa + 9lT'd-DrXaX,) 

J dr STr {9l^^''D^Xad- + 9l^r9_DrXa ; X5) 
In addition, there are commutator corrections to T02[d = Q^ ^)a,b'- 

Te2{d = Q)c = ^ y'f/rTr(0L7lX,,[X,,Xd]^^_-^^l7''0_[X„[X„X,]]) 

Te^{d=l)c = ^JdTTT{9l[[Xa,0-],D,X,] + [[9UXa],D,X,]9_) 

Jdr TiiDr9lr''[[Xa, X,] , 9_] - [9l, [X„ Xt,]]r'D,9_) 



X4A 

+ 



32r5 

Terms containing Xm are collected as: 



Te2{d = 0)^ = ---l!^|rfrTr(0t_[X„,X„]r°'^r™"e_) 



16 

+^7? /cirSTr(eL[X„,X„]r°'^r'""e_;X,), 

r,2(rf=i)^ = ^/rfrTr(D,eUx„,x„]r""0_-0l[x™,x„]r™"Z}.e_ 

16 r° J 



3.22) 
3.23) 
3.24) 

3.25) 

3.26) 
3.27) 

3.28) 
3.29) 
3.30) 

3.31) 
3.32) 
3.33) 
3.34) 
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Note that we have used the notation of lOD gamma matrices and spinors to write ( |3.31 



( p.34| ). The expressions in 6D notation is given by substituting the particular representa- 



tion ( [A.2| ) and ( |A.3| ) of lOD gamma matrices and the parametrization ( |A.4| ) of Majorana- 



Weyl spinor G setting 6*+ = 0. For example, (|3.31| ) is written in 6D notation as 



16 



t/rTr + [02,02]) + + [02,02])r^- 



Terms in rQ2[d = 0)B, Tg2[d=l)B and rg2((i = 0)(^ have the structure of non-abelian Taylor 
expansion of Va/r^: 

They obey symmetrized trace prescription except for 1 / r^-terms (|3.23|) , ( p.26| ) and ( |3.32| ) , 
as in the case of T02[d = 0, 1)^. 

There also exist terms with two derivatives: 
/Y \2 ^ 

Tg2{d = 2) = JdTTTiD,elr[Xa,D,d_]-2dlr[DlXa,0-])- (3.35) 

This completes the analysis of rg2[X^ , d) for N + d < A. 
To summarize, we obtained 

= r,2(c/=o,i)A + re2(c/=o,i)B + re2(rf=o,i)^ 

+1^2(^ = 0, l)c + re2(d = 2) +0{D'^^X^e^-N+d>4:) (3.36) 
for two-fermion part of the one-loop effective action. 

3.2.2 terms 

The leading terms of TQ2n are given by 

/ 2 \ " 1 r 

r,2„((X)°,d = 0) = iV4(-j -yrfrTr(LU^L,,,,4,^L,,,,---4„_^,„Ll„,J 

f+ik\ I f+ik\ I f+ik\ 



X 



dk 
2^ 



_|_ ^2 ; I ^2 _j_ j,2 ; I /^2 _|_ ^ 



oc ^|^/rfrTr(^^-). (3.37) 



For example, four-fermion terms without Xi insertions are given as 

re4((x)°,rf=o) 
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NiX 1 
16 

16 r7 



rfrTr[(0l0_)(0l0_) + (( 



(3.38) 



This does not vanish unhke the case of ra2 . 



4 Super symmetry of the effective action 

In this section, we discuss the supersymmetry of the effective action. The one-loop effec- 
tive action which was obtained by integrating out the 0-4 sector fields satisfies the Ward 
identity corresponding to the SUSY invariance of the classical action of BD Matrix theory. 
As we show in Appendix B, at the one-loop level, the Ward identity can be written in the 
form 

5«5o + 5(°)S« = (4.1) 

which states the invariance of the effective action under an effective SUSY transformation. 

Let us explain the meaning of ( |4.1| ). The tree action 5*0 is the part of BD action 
containing only the 0-0 sector fields which is given in ( p.2|) and is the same as the BFSS 
action. It is invariant under the SUSY transformation which does not involve 0-4 sector 
fields 5''°^S'o = 0. The transformation law for 5^^\ which we call the tree-level SUSY 
transformation is given by (|2.4] ) with a replacement Xa —>■ Xa- Remember that we have 
divided the background Xa as Xa = Va + Xa in (|3.3|). In our construction, only Xa is 
transformed and is kept /ia;e(i.| The discussion in Appendix B shows that (5*^^-' is given 
simply by the one-loop expectation value of the SUSY transformation for the classical 
action. Since only 50 _ has the part containing the quantum fields {5'0^ defined in (|2.6|)), 
only is non-zero and is given by 



I 
A 



- {viv\) + {V2v\))7]^ - 2{v2vl)B*riA . (4.2 



§This assignment is possible without losing generality. Note that we have not imposed the tracelessness 
for Xa. 
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4.1 Explicit forms of the one- loop corrected SUSY transforma- 
tion 

We give the one-loop corrected SUSY transformation of 0„ by explicitly calculating ( [4. 21 ). 
Results at order and are given respectively as 

-i-5«0_|,/,3 = {([01, 0i] + [02, H)V - 2[0i, 02]i?V} , (4.3) 

^5«^^-li/.4 = -z^^{Sym([0i,0i] + [02,02];Xjr^ 

-2Sym([0i,02];X„)i?V} (4.4) 
+ i _ ^_^-^l)r^ - 2{e_BT0-)B*7]^]. (4.5) 

Here Sym(_ft'i ■ ■ ■ K^', yi, - ■ ■ , Un) is the symmetrization of all KiS and y/s without chang- 
ing the order of Kis. Note that there is a relation 

STr(KiK2 ■ ■ ■ ir^; * ) = Tr (iriSym(K2 ■ ■ ■ i^™; * ))• 

For order we divide the result into two parts 5'^^^9^\^i,^t, = S^^^d^\^y^5 +S^^^0-\yr^'- 



= -I ^{Sym([0i, 0i] + [02, 02] ; {Xaf)ri - 2 Sym([0i, 02] ; (X,)2)i?*r/t} (4.6) 

+^ ^7?{Sym([0i, 0i] + [02, 02] ; X„ X,)r7-2 Sym([0i, 02] ; X„ Xfc)i?*r7t| (4.7) 

+i^^[{el^'X,9_-e_X,f*el)r^-2{9_BfX,e^)B*r^^] (4.8) 
. 15iV4A r^rh 
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^{Sym(0L7"^_ - ^_7"*^L ; X^)'n- 2 Sym(^_57"e_ ; Xb)5*r/t} (4.9) 



and 



iV4 

16 



OA/" _ _ 

I <^2], [01, + [[01, 02], ([01, 0l] + [02, 02])]S V} (4.10) 

^{^o([0i, 0i] + [02, H)ri - 2 /^o'([0i, 02])5*^^} (4.11) 

{(0Ldo0_ - Doe_el)7] - 2 {e_BDoej)B*r]^}. (4.12) 



4 7^5 
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Note that ( [4.3|) , ( [4.4|) , ( |4.6| ) and ( [4.7|) correspond to the first three terms of non-abelian 
Taylor expansion of around r^. Also, ( [4.5|) , ( [4 .81) and (f4.9|) correspond to the expan- 
sion of Ta/r^ ■ 

Our corrected SUSY transformation closes to the translation plus a field dependent 



gauge transformation [|T7|. By using the equations of motion for the effective action 
5*0 + S*^^^ , we have shown 

[5(0) + 5(1), 5(0) + 5(1)] ^ 1^^^^ ^ (^^^^ ,-r*^r^) + (EOM for 0) + 0{{g,hf) 
up to the order for any field in + S^^\ 

4.2 On the structure of the supersymmetric action 

In this subsection, we try to clarify the structure of the supersymmetric action which 
we have obtained, by identifying the blocks which transform within themselves. Firstly, 
since is kept fixed in the effective SUSY transformation, the invariance of the one-loop 
effective action (4J.) holds at each order of 1/r. In addition, the effective action at order 



is further divided into two invariant blocks. 
We shall examine the 9^- and ^^-terms at each order of l/r[]. We include the bosonic 
terms obtained in the previous paper |jl6| . Order terms of the effective action 



^l,</^2 



ri/.3 = ^/ dm{-^DoXaDoXa + -^[Xa.MlXa.X,] - ^[01, 

+ [02,02])' - \9iD,e_ - l^elnXa.eA). (4.i3) 



satisfy (U) along with (^^31) . 

Order terms of the effective action 



ri/,4 = -3iV4A^y'dt|sTrQz}oXeAX, + ^[X„Xj[X„Xrf] 

-^[01,02][01,02] + Y^([01,0l] + [02,02])';X,) 

+ STr(^- '-{elD,e^-D,ele^) - ^{el^^[x,,e^]-[x,,el]Te^)-Xa 
+ Ti(UDoX^elr''0- + elD^x^^^'^^'e^) 



16A 



^Note that F which are discussed in this section denote the parts of the Minkowskian effective action 
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16A 

-2[(t>i,ct>2]e^BTe- - 2[4>^,4>2]9lB*Tdl} ) \ (4.14) 



satisfy (U) along with 



By examining (5''°^S'''^\ we find that the following terms of the effective action 
transform among themselves (with a certain class of terms in 5^^^Sq). 

rf/l. = - ||) / dt{sTr(lDoX.DoX. + ^ [X„ X,] [X„ X.] 

+ Y^([01,'^l] + [</'2,<^2])';X„X5) 



''1, <A'2 m, <A'2 



% ^ ^ ^ ^ ^ 

+ STr(^- '-{elD,e_-D,ele_) - lj^el^'^[x,,ej\~[x,,el]re.)-,Xa,x^ 
+ ^Ti{DM^_r''e^ + elD^x.Td- Xb) 
-^STii[Xa,,x^,]elr''''''9^ + el[Xa,,K]T''''''0.-Xk) 

OA 

-^STr(([0i,0i] + [<P2,H)0lr0- + 9U[<PiAi] + [02, 02])^^- 

-2[<p,,<P2]0-BrO--2[^,,^2]0lB*rol;X,)^ (4.15) 

The other block T^J^^ consists of the rest of the terms of 1/r^ effective action. They 
are written with extra number of commutators compared to ( [4.151 ). We do not present 



all the terms explicitly, but give an example. The part which contain six X^'s (and no 
derivatives or fermions) takes the form 

rfA^lxg = -^/rft{-^Tr([X„[X„Xj][X„[X„Xj]) (4.16) 
+^Tr([X,, [X„,XJ][X„, [X,,XJ]) - ^Tr([X„, [X^XjfXt, [X,,XJ])}. 

Criterion for discriminating T^^j^s and ^fjls is given by the following number associated 
with each term: 

n = d+-n0 + nc. (4.17) 

Here, d is the number of derivatives, rig is the number of fermions and ric is the number of 
commutators in the symmetrized trace. (Symmetrization is applied regarding the commu- 
tator as a single unit.) Under 6^'^''S^^\ the number n is preserved (uniformly increase by 
1/2) as we see from the transformation law (|2.4| ), ( p.5| ). Also, terms in 5*^^^ 5*0 are classified 
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in the same way. Thus, terms which are connected by SUSY transformation must have 
the same n. The first two terms of the RHS of ( [4.17|) is called the 'order' |jl8| and used 
to specify the SUSY invariants in the case of abelian v.e.v. Our discussion here is the 
non-abelian generalization of that concept. Terms in Fi/^s, Ti/ri and T^^^g have = 2, 
and terms in T^ljls have n = 4. 

We note here that the bosonic terms in Fi/^a, Ti/rA and r[y^,5 are the ones which result 
from the Taylor and Van Raamsdonk's proposal when we apply it to L5-brane background. 
We can see that the proposed currents which couple to SUGRA fields have n = 2, from 
the explicit forms in ref.|jl|, Bosonic terms of the matrix expressions for multipole 
moments are obtained from the currents by inserting Xi with symmetric ordering, thus 
also have n = 2. For a detailed description of the Taylor and Van Raamsdonk's proposal 
applied to the present background, see our previous paper |TB |. 

We also note that the fermionic terms in Fi/^s, Ti/r^ and ^fj^s are not of the same 
forms as the ones arising from the above proposal, which is based on the analysis of BFSS 
model. Whether the two forms of the fermionic terms are physically equivalent or not is 
not clear at present. 



5 Discussion 

We have calculated the one-loop effective action of Berkooz-Douglas Matrix theory by 



integrating out the 0-4 sector fields. Extending the analysis of ref.||T6[, we obtained the 
fermionic part of the effective action of multiple DO-branes in the longitudinal 5-brane 
background. As we have seen in section 4, the action is manifestly invariant under an 
effective SUSY transformation, which is the consequence of the SUSY invariance of the 
classical action of BD Matrix theory. The transformation law is given by the expectation 
value of the SUSY transformation of classical action evaluated at one-loop order. We 
have studied the transformation law and identified the structure which are closed under 
the effective SUSY transformation. 

Primary motivation of our study is to understand the dynamics and the structure 
of symmetries of this matrix model. In addition, we regard our analysis as a first step 
towards constructing the supersymmetric action of multiple D-branes in the supergravity 
backgrounds. We should note that from the lOD perspective, our model is nothing but 
the SYM which takes into account only the lowest modes of open strings. Thus, the 
effective action is guaranteed to be valid only when the distance between DO-branes and 
D4-branes is short. However, some of the terms in the effective action continues to be 
valid when the separation becomes large. It is well known that for the (9fXj)^-term in the 
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abelian case, the SYM effective action gives exact results, due to the cancellation of the 
open-string higher modes [jl9l . It may be the case that same kind of non-renormalization 
properties exist for all the other n = 2 terms which we identified in section 4.2. Further 
analysis of the terms in this class with higher orders in 6' or 1/r should be important in 
this regard. 

Of course, to determine which terms of the SYM effective action is valid for large 
separation, we must study the cylinder amplitudes between the branes, or prove non- 
renormalization theorems in SYM. For the case of multiple branes, both of them are not 
well- understood at present. Those are important subjects for future studies. 

As mentioned in the introduction, K-symmetric Born-Infeld action for a single D- 
brane can be written in arbitrary background, in principle. We will be able to understand 
the structure of the supersymmetric action further by comparing the abelian part of 
our effective action with the gauge-fixed Born-Infeld action of DO-branes in D4-brane 
background. Especially, it will be interesting if the difference between the fermionic part 
in the effective action of BD Matrix theory and the ones present in the proposal based on 
the analysis of BFSS model is explained by a difference in the gauge choice for K-symmetry. 

Two-loop study of BD Matrix model should give important implications for the con- 
nection between matrix models and gravity. In the first place, we must clarify to what 
extent the Matrix theory reproduces supergravity result in the case of abelian matrix 
background. Two-loop effective action will also shed light on the coupling of multiple 
D-branes to non-weak background fields. 

Finally, it is an interesting problem to find classical solutions of the effective action 
which preserve SUSY. As argued by Myers P], background 4-form field strength produced 
by D4-branes should give rise to non-abelian configuration of DO-branes. It will be possible 
to discuss the BPS property of those configurations from the effective action which we 
have obtained. 
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A Convention for the representations of spinors and 
gamma matrices 

In this paper, we mainly use the complex 6D Weyl spinors. We summarize here our 
conventions for spinors and gamma matrices. The fermions from the 0-0 sector are given 
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by Majorana-Weyl spinors in lOD. We explain that the fermionic terms in 5*0 in (|2.2|) is 
given from the famihar lOD notation by choosing an exphcit representation. 

We consider fermionic matrix field B which satisfy the lOD Majorana-Weyl condition 

f (10)0 _ 0^ 0t _ ^(10)0 

where r'^^"-' = F^F^ ■ ■ ■ F^ is the lOD chirality matrix, and B^^^^ is defined by 

5(10)rA/^(10)-l _ _pM* (M = 0,...,9) 

We make the S0(5,l) xS0(4) decomposition of the lOD gamma matrices as follows. 

F^ = 7'^®7 (/i = 0,5,...,9) 

F'" = l®7"^ (m = l,...,4) (A.2) 

where we have defined 7 = 7-'^7^7'^7^. The SO (5,1) gamma matrices 7'^ have 8x8 compo- 
nents and the SO (4) gamma matrices 7™ have 4x4 components. We further assume the 
explicit representation for the SO (4) gamma matrices 



a™ 
-a'" 



(A.3) 



where at [i = 1,2,3) are Pauli matrices, and = il. We also define a, = — cTj and 

The chirality in lOD is the product of 6D and 4D chiralities, and in the above repre- 
sentation of gamma matrices. 



f(io) 



7 



12X2 
-12X2 



where 7 = 7^7^ . . . 7^ is the 6D chirality matrix. Consequently, lOD Weyl spinor B is 
decomposed into two pairs of 6D Weyl spinors 



B 



The matrix B^"^^^ also allows the SO(5,l)xSO(4) decomposition 
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-7' 



where B^^^ and B^^^ satisfy 

5(6)^M5(6)-l __ 

We note here the relation for B^^^ 

^(6)T ^ _^(6) 



-1 



-7" 



5(6)* = _5(6)-l 



In the text, we omit the superscript (6) on B^^\ 
In the representation ( |A.3| ), 5'-^-' is given by 



5(4) 



e 
e 



where e 



1 
-1 



thus, lOD Majorana condition ( |A. 1| ) in lOD becomes the SU(2) Majorana condition in 
6D. 

/ el, \ ( B('^9^,2 \ 



Qt 



+,: 

,t 

+,2 

,t ^ 

t' 



Since we prefer using unconstrained fermions to perform the loop calculations, we 
explicitly eliminate half of the components of {0+^2 and 6*-, 2) using the SU(2) Majorana 
conditions. That is, we take 

/ 9^ \ 



6 



9^ 



(A.4) 



V -B^^>9l ) 



The fermionic part of the action in (|2.2| ) is obtained from the lOD covariant form 

-i-/dm(ler»fl„e + i;er-|e.^.l) 

by taking the above representation of gamma matrices and substituting ( [A.4|) . 



B Derivation of the SUSY invariance of the one-loop 
effective action 

The one-loop effective action of the BD Matrix theory is given by integrating out the 0-4 
sector fields from the classical action S'o[0] + S^[(t), ip\. 



-(5o[</.]+5(i) [</.]) 



Vip e 



-{So[<f\+Sa[<f>M) 



(B.l) 
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Note that we denote the 0-0 sector fields by (f) and 0-4 sector fields by (p, and that the 
integration / dr is implicit throughout this appendix. 

As a consequence of the SUSY invariance of the classical action, the following Ward 
identity holds: 

J \ 0(p 0(p dip J 

where 5^0 and ^.^y? are the classical SUSY transformations given in We shall 

denote the part of which contain only the 0-0 sector fields by 5^^(j), and the part 
containing 0-4 sector fields by 5^0. 

We first note that the last term of (IB. 21) vanishes, for it is the infinitesimal form of the 



invariance of the integral under the change of variables 

Jvipe-^'^^'^^ = Jv{<p + 6<p) e-^sl'^'^+'^^l = Jv<p 6'^'^'^'^+^^^ 
where we have taken into account the invariance of the measure. 



The first term of (|B.2[) gives the variation of 5*0 with respect to the expectation value 
of the classical SUSY transformation 5(f) (times e~^^°~^^''^^'^) 

J 0(p 0(p 

where 



Finally, if we evaluate the second term of ([B.2|) to the one-loop order, it reduces to 

0(f) ' J 0(f) 

For the present model, 

V^5'J_^^pAe-i^iA<^^+^^A^M) (B.5) 



which would be present in the RHS of ( p.4|) has at least two loops, for 

(5^5 [0,¥^] 

is a four-point vertex as we see from the explicit forms of 5'(f) ( p.6|) and ( p.3|) . We 
further note that the RHS of (|B.4|) gives the variation of the one-loop effective action 
(times e"^'^""'"'^^^^-') as we see from 

S(f) ~ JVcpe-s^ 
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which results from the definition (p.l| ) of the effective action. 

Taking these facts into account, to the one- loop order, (|B.2|) is rewritten as 

O.Si-/-m,,.^/JM^S->/jm ,B.6) 

which shows that the effective action 5*0 + 5'^^-' is invariant under effective SUSY trans- 
formation Sl^^cp + 5^'>(j). 

We note that the present discussion is not directly applicable for showing the SUSY of 
the effective action at 2-loop order and beyond. At these orders, (|B.4D should no longer 
be valid, due to the contribution from ( [B.5| ). 

In addition, we remark here that our simple discussion which involve only the Ward 
identity for the SUSY is due to the fact that the gauge fields (which belong to the 0-0 
sector) are not integrated. When they are to be integrated, as in the case of the BFSS 
model, analysis of the Ward identity for the SUSY plus the one for the gauge symmetry 
is required for studying the invariance of the effective action under effective SUSY. It 
is essentially due to the fact that the gauge fixing term and the ghost action breaks 



SUSY. The formalism is developed in ref. pO[ and explicit form of the effective SUSY 



transformation laws for the one-loop effective action of BFSS model (for abelian v.e.v. 



is given in ref.[21 
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